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Two-stage Real-time Carbon Emission Monitoring 

for Low-carbon Power System Operation: a Graph 

Neural Network-based Approach 

Zixuan Zhu, Ruoheng Wang, Siqi Bu, Senior Member, IEEE, and Roberto Guglielmi

Abstract—As carbon emissions reduction is becoming 

increasingly important for sustainable development and 

carbon neutrality targets, the concept of carbon emission 
market has been recently proposed in order to essentially 

manage carbon emission on the demand side by allowing 

electricity consumers to purchase or sell carbon emission 

quotas. Hence, real-time demand-side carbon emission 
monitoring (DCEM), indicating the amount of carbon 

emission that each electricity consumer should be re-

sponsible for, becomes a necessity for the operation of the 

carbon emission market. However, the real-time DCEM 
cannot be achieved by carbon emission flow (CEF) anal-

ysis due to the unavailability of real-time power demand 

data. In this connection, this paper proposes a two-stage 

real-time DCEM method based on the graph neural net-
work (GNN). In the first stage, power system operating 

scenario data, including the power generation capacity 

and power demand data, are collected to calculate carbon 

emission patterns through CEF analysis. In the second 
stage, a data-driven GNN-based model is designed to learn 

from historical daily carbon emission patterns and then 

realize accurate real-time DCEM with real-time available 

generation-side measurements only. Case studies on the 
118-bus power system operated with day-ahead planning 

considering carbon emission are performed to demon-

strate the accuracy and effectiveness of the proposed 

method. 
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Ⅰ.   INTRODUCTION 

riven by the carbon emission peak and neutrality 
target, reducing CO2 emissions is one of the most 

crucial missions in the path to the decarbonization goal 
[1], [2]. As a major contributor to carbon emissions, the 
power system has a profound impact on the world’s 
carbon footprint, highlighting the need for the estab-
lishment of a low-carbon power system [3], [4]. Since 
the integration of renewable power generation is rapidly 
advancing [5], [6], the adoption of carbon emission 
quota (CEQ) policies will incentivize electricity con-
sumers to use clean energy [7], [8]. The carbon emission 
market is indispensable to promoting CEQ policies, but 
its efficient operation is based on the understanding of 
real-time demand-side carbon emission (DCE) patterns 
(carbon emission originated from demand-side elec-
tricity consumers) to plan the CEQ price and implement 
relevant strategies. Given that, precise real-time de-
mand-side carbon emission monitoring (DCEM) is 
essential to enable CEQ policies in the carbon emission 
market.  

Several research efforts have been conducted to 
model, calculate, and analyze carbon emission flow 
(CEF) in the power system. Reference [9] provides a 
green energy scheduling method that considers carbon 
emission reduction. References [10] and [11] utilize life 
cycle analysis (LCA) to analyze greenhouse gas emis-
sions from wind turbines and power plants over a 
timescale from manufacturing and operation to retire-
ment, which means that LCA can analyze carbon 
emission in the generation side along the usage of gen-
eration units. However, these methods are not feasible 
for calculating the DCEs because LCA cannot deter-
mine carbon emission induced in the demand side dur-
ing a specific time period. To calculate the DCE, the 
concept of CEF is developed, referring to the virtual 
carbon distribution pattern following energy flow [12].  

On the other hand, references [13] and [14] propose a 
CEF analysis model for regional and user-level carbon 
emission assessment using a network-based model. As 
illustrated in Fig. 1, CEF depends on both the charac-
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teristics of power plants and the power flow in the 
transmission lines. Nevertheless, existing research like 
[13] and [14] requires full knowledge of power distri-
bution, making it challenging for real-time DCEM due 
to the possible unavailability of real-time power de-
mand data [15]. For this reason, real-time DCEM 
should better rely on easy-to-manage and high-
ly-available generation-side data. Hence, this paper 
proposes a data-driven method to enable DCEM with 
highly available supply-side data only instead of re-
quiring a full knowledge of power distribution data. 

 

Fig. 1.  Illustration of power flow and CEF. 

However, the carbon emission patterns in a power 

system are very complex, especially for the power sys-

tem integrating with renewable power generations and 

operating in multi-aspects-considered condition, such as 

both carbon emission and operation cost, due to the 

variation in power generation. This brings more chal-

lenges for real-time DCEM. In this case, traditional 

machine learning methods, such as support vector ma-

chine and decision tree, may be inadequate to address 

the intricacies of such a complex system according to the 

performance of traditional learning methods in other rele-

vant work in power system [16], [17].  

This paper proposes an innovative two-stage re-

al-time DCEM method based on graph learning to ad-

dress the aforementioned research gap. In the first stage, 

the power flow data of a specific power system is col-

lected, which is needed to calculate DCE patterns for 

the next stage. A network model is trained using gen-

eration-side data and DCE patterns, which can monitor 

DCE patterns with only generation-side data in the 

second stage. To solve such a complex system, graph 

neural network (GNN), an emerging deep learning al-

gorithm that can extract features and topological in-

formation from graph-structured data, is utilized.  

GNN has been investigated in power system applica-

tions due to its exceptional ability to extract spatial fea-

tures based on network topology. In [16], GNN is used 

for power system fault classification for power distribu-

tion systems, and GNN demonstrates its potential to 

provide a better generalization ability. Reference [17] 

utilizes GNN to estimate the power system’s transient 

angle stability. The graph convolution operation can 

improve the prediction precision and anti-noise ability. 

GNN is also used to perform power flow calculation, 

given its capability to deal with graph-structured data 

effectively [18]. Compared with traditional machine 

learning methods, the GNN has advantages in dealing 

with data-oriented in specific topologies [19], [20]. 

Various experiments related to GNN structure de-

signs are conducted to identify the better-performing 

GNN structures and suitable graph convolution tech-

niques. A day-ahead planning considering carbon 

emission (DPCCE) for future power system operation is 

developed, which is implemented with the IEEE 

118-bus system to test the effectiveness and utility of 

the proposed method. The performance of proposed 

GNNs is also compared with multi-layer perceptron 

(MLP) and convolution neural network (CNN) to 

demonstrate GNN’s advantage. 

The major contributions of the paper are summarized 

as follows. 

1) This paper proposes a two-stage real-time DCEM 

scheme based on GNN by using real-time manageable 

data. In particular, the data collected from future 

low-carbon scenarios based on a car-

bon-emission-considered optimization strategy are em-

ployed as an example to enable the real-time DCEM.  

2) This paper designs GNN structures for real-time 

DCEM, which can boost real-time DCEM accuracy by 

extracting and learning spatial patterns of carbon emis-

sion. The performances of the proposed GNN are 

compared with other typical methods, including MLP 

and CNN, to demonstrate its advantages. 

3) This paper reveals seasonal nodal carbon emission 

intensity (NCEI) patterns, and a negative correlation is 

discovered between average NCEI and renewable 

power penetration (RPP), which can effectively evalu-

ate NCEI by looking at the percentage of clean energy 

injections. 

4) This paper develops a DPCCE for the power sys-

tem operating in a future low-carbon scenario. The 

proposed method is also tested with DPCCE to demon-

strate its effectiveness in future complex power system 

operating scenarios. 

The paper is organized as follows. Section Ⅱ intro-

duces the CEF calculation model and CEF optimization. 

Section Ⅲ discusses the real-time DCEM details and 

GNN designs. Section Ⅳ applies the previously de-

scribed methodology to two case studies using the 

118-bus power system to demonstrate the procedure and 

performance of the proposed method, and observed 

NCEI patterns are also discussed. Section Ⅴ concludes 

this paper. 

Ⅱ.   CEF MODELING AND DATA COLLECTION 

Utilizing power flow data to identify the DCE pat-

terns is the key for the proposed real-time DCEM 

method. The CEF modeling is discussed in Section Ⅱ.A. 

First, the CEF parameters are defined to describe the 
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DCE. Then, a CEF model is introduced to calculate 

DCE from power flow data. 

As introduced before, the carbon emission market 

will apply a CEQ price, that is, imposing an additional 

cost on carbon emission, to encourage the reduction in 

carbon emissions. Thus, the procedure to generate a 

low-carbon power system scenario is discussed in Sec-

tion Ⅱ.B. Then, the power flow data can be collected to 

generate DCE data. 

A. CEF Parameters and Calculation Model 

Four carbon-related parameters are defined for CEF 

analysis in Table I. Among them, generator carbon 

intensity (GCI) is regarded as a known parameter de-

scribing generator characteristics, and the other param-

eters can be obtained with the data obtained by power 

flow analysis. When analyzing CEF, only active power 

flow, which induces the majority of carbon emission, is 

considered [14].  

TABLE I 

DEFINITION OF CEF PARAMETERS 

Parameters Explanation 

Generator carbon intensity Generator characteristic 

Generator CEF Carbon emission from generators 

Nodal carbon emission 

intensity 

Carbon emission induced by each unit 

of power consumption at power de-

mand side 

Nodal carbon emission 
Carbon emission induced by power 

consumption at power demand side 

The carbon emission from the generator, generator 
carbon emission flow (GCEF), is defined in (1), where 

GR , GP , and GE  denote the GCEF, power injection, 

and GCI of a generator, respectively. Given that CEF is 
concurrent with energy flow [13], [14], the proportional 
sharing principle (PSP) assumption is taken in CEF 
analysis. The main idea of PSP is that, in a network 
system, the energy flow in the outflow branch is pro-
portionally distributed in outflow branches [21]. 
Therefore, the NCEI is dependent on the inflow power 
and the corresponding carbon intensity only, which is 
the carbon emission associated with a single unit of 
power consumption. In particular, the NCEI at the ith 
node is the ratio of the injected carbon emission to the 

injected power flow, as shown in (2), where iP  and ie  

are the inflow power and the corresponding NCEIs of 

the previous node; X   indicates the previous bus from 

which the power flow is flowing into bus i ; 
G, jP  and 

G, je are the generator output and the corresponding GCI. 

If there is no generator at node j, 
G, jP  is zero. Since the 

GCI and power flow distribution are known, the NCEI 
of each node can be calculated one by one. After ob-
taining the NCEI, the NCE of bus i, referring to the 

amount of the DCE, can be obtained by multiplying the 

corresponding NCEI, ie , and power demand, iP , as 

given in (3). 

G G GR P E                                        (1) 

G, G,

G,

i i j j

i X

i

i j

i X

Pe P e

e
P P

















                      (2) 

i i iR Pe                                  (3) 

The model proposed by reference [14] is used to 

perform CEF calculation. Since GCEF is the product of 

generation output and GCI, the GCEF matrix containing 

the GCEF and the corresponding location, GR , can be 

obtained by: 

G G GR P E                              (4) 

where GP  is an 
b gn n  generator output matrix ( bn  is 

the number of buses in the system, and 
gn  is the number 

of generators); GE  is a 
g 1n   GCI matrix containing 

the GCI of each generator in the system. For instance, if 
the xth generator located at node y has a power injection 

of a, the (y, x)th element of GP  is a, and 
GyxP a . On 

the other hand, if the yth node has no generator, GyxP  is 

zero. Note that GR  is a column vector, the element of 

which represents the GCEF at each note. For example, 

the first element of GR  is the GCEF of node 1. 

The general equation to calculate NCEI shown in (2) 

can be rewritten into: 

G, G, G,i i j j i i j

i X i X

Pe P e e P P
  

 
   

 
              (5) 

The right-hand side of (5) can be expressed in the 

form of a matrix as: 

 
T

G

( ) ( )

Ni i j

i

i X X

i

i

X

e P P e


 
 
 

  η F η                (6) 

where ( )

X

i
η  is an ith unit row matrix that has 

gn  dimen-

sions; and NF  denotes the power flow flux at each node, 

which can be obtained via: 

B

N T

G

diag X Y

   
   

   

P
F δ

P
                     (7) 

where BP  is an b bn n  matrix consolidating the power 

flow distribution, if the power flow goes from node i to 

node j, Bij PP , denoting the ( t, ) hi j  element of BP , 

( P  is the quantity of the power flow, and the value of P 

is non-negative), in particular, if no power flow passes 

through branch ij, BijP  is zero; X Yδ  is a unit row matrix 

with a shape of 1 ( )b gn n  ; and it is noticeable that 
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NF  is a diagonal matrix and diag{} denotes the diag-

onal matrix operator. 

The left hand side of (5) can be expressed as the fol-

lowing by expanding ie  to NI  that contains NCEIs of 

different nodes, as: 

 ( ) T

G G B N Gi i j j X

i X

P P e


  
i

η P I R             (8) 

where NI  is a column matrix consolidating the NCEI of 

each node, which is the goal of CEF analysis. With (6) 

and (8), equation (5) can be expressed as: 
T

N N B N G F I P I R                         (9) 

And NI  can be calculated as: 

 
1

T

N N B G



 I F P R                      (10) 

By substituting NF , NI  can be calculated by: 

1

B T

N B GT

G

diag X Y





    
         

P
I δ P R

P
       (11) 

Note that all variables in (11) are known if the power 

flow distribution is known, and NI  can be therefore 

calculated with power flow data. 

B. Day-ahead Planning Considering Carbon Emission 

for Low-carbon Operation 

The power system will operate under low-carbon 
conditions in the scenario of the CEQ market, which 
means that the power system operator needs to consider 
both operation cost and CEQ price instead of operation 
cost only. In this case, a DPCCE for power systems 
operating in low-carbon scenarios is developed in this 
paper. Two matrices consolidating the generation costs 
and CEQ prices for generation units are involved to 
construct the objective function for CEF optimization. 

In particular, costG  and GE  in (12) are 1gn   matrices 

containing the generation cost and GCI of each genera-
tion, respectively; two weights are assigned to carbon 

emission and generation cost by carbonw  and costw . The 

overall economic parameter of each generator is ob-
tained through (12) with element-wise multiplication, 

where overallW  is a 1gn   matrix needed for CEF opti-

mization. 

overall cost cost G carbonw w W G E           (12) 

The objective function for CEF optimization is given 

in (13), where 
overall,iW  refers to the ith element in 

overallW ; and G

iP  and 
G

iQ  are the active power and reac-

tive power output of the ith generator. 

G G overall, G G

1

( , ) ( )
Y

i i

i

i

f P Q W P Q


             (13) 

The optimization model can be constructed as de-

scribed in [22]. The model used in this paper is provided 

in Appendix A.  

With this algorithm, a low-carbon power system 

scenario can be generated. As illustrated in Fig. 2, 

power generation is planned with forecasted power 

demand and renewable power generation data. The 

power flow data can then be collected, and the nodal 

carbon emission (NCE) and NCEI can be calculated as 

discussed in Section Ⅱ.A. 

 

Fig. 2.  DPCCE for low-carbon power system operation. 

After CEF modeling, each bus has four features, 
including power injection, GCEF, NCE, and NCEI, as 
shown in Fig. 3. NCE and NCEI are chosen to de-
scribe the DCE, while power injection and GCEF are 
collected as the generation-side data for real-time 
DCEM due to the real-time availability of the gener-
ation-side data. In particular, if a node does not have 
power injection, the corresponding power injection, 
as well as GCEF, are set to zero. The collected data 
will be used to train the GNN for real-time DCEM, 
which will be discussed in Section Ⅲ. 

 

Fig. 3.  Illustration of operation data collection. 
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Ⅲ.   GNN-BASED APPROACH FOR REAL-TIME DCEM 

A. Construction of Adjacent Matrix 

The adjacent matrix is a sparse matrix used to repre-

sent the connections or relationships between nodes in a 

graph. In the scenario of the power system, the adjacent 

matrix is constructed based on the power system to-

pology. The substations can be regarded as nodes, and 

branches can be regarded as edges. For example, the 

IEEE 14-bus system can be expressed in a graph, as 

shown in Fig. 4. The nodal features are assigned based 

on the collected generation-side data and DCE data as 

explained in Fig. 3.  

 

Fig. 4.  Power system expressed in graph. 

For a power system with a number of bn , a b bn n  

square matrix denoted by A  filled with all zeros should 

be initialized. If bus i and bus j of a power system are 

connected, the (i, j)th element of A  is 1. Since we use 

undirected graph, the ( j, i)th element of A  is also 1. 

And for a simple 3-bus power system in Fig. 5, the 

adjacency matrix can be created according to the 

network topology. 

 

Fig. 5.  Adjacent matrix construction. 

B. Graph Convolution 

In this paper, we will investigate three graph convo-

lution techniques: graph convolution network (GCN) 

[23], graph attention network (GAT) [24], and gener-

alized graph network (GEN) [25]. GCN is a typical 

GNN that encodes both graph edges and features. GAT 

is a typical GNN that also includes importance as-

signments to enhance the effectiveness of the neural 

network. According to [26], GAT can consistently 

outperform GCN. GEN is one of the state-of-the-art 

GNNs that employs generalized aggregation functions. 

According to [25], GEN achieves the best performance 

over other GNNs.  

1) Graph Convolution Network 

The GCN proposed in [23] is motivated by spectral 

graph convolution. In the context of real-time DCEM, 

the input graph-structured data can be expressed by 

  ( , )f  H A , where H  and A  denote the node feature 

matrix and adjacent matrix representing power system 

topology, respectively. For a power system with N  

buses, N NA , which is a binary matrix, and 
2NH  for 2 features for each node.  

For a signal Nh , which is a scalar for every node, 

and a filter diag( )G    that is parameterized in the 

Fourier domain by Nθ , the spectral convolution 

can be expressed as: 
T G G  h U U h                        (14) 

where U  is the eigenvector matrix of the normalized 

graph Laplacian matrix with eigenvalue  , which can 

be expressed by 
1 1

T2 2
N .

 

  L I D AD U U  

As proved in [24], the spectral convolution can be 

approximated by (15) with a single parameter 

0 1
      . Note that   is a vector of the Chebyshev 

coefficient, as discussed in [27]. 
1 1

2 2
NG 

  
   

 
h I D AD h              (15) 

The convolution in (15) can be generalized into (16), 

where 
1

ˆ
n

ii ij

j

D A , NÂ  A I  is the adjacent matrix 

with NI  denoting the identity matrix, and 2 FΦ  is 
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the filter parameter matrix. GH  is the convolved 

matrix, and .N FG

 H  

1 1

2 2ˆˆ ˆG

 

 H D AD HΦ                   (16) 

Based on (16), the GCN propagation rule is given in 

(17), where ( )   is the activation operator; l
W  is a 

layer-specific trainable weight matrix; and l N DH  

is the activation matrix at thl  layer; the 0l  layer equals 

to the input feature, 0 H H . 
1 1

1 2 2ˆˆ ˆl l l
 


 

  
 

H D AD H W                (17) 

2) Graph Attention Network 

The GAT proposed in [24] integrates attention 

mechanisms into graph domains. The input here is also 

a set of node features:  0

1 2, , , NH f f f  for 2.i f  

The features of the next layer are  1 1 1 1

1 2, , , NH f f f  

for .F

i f  As provided in [21], the next-layer fea-

tures can be calculated by K independent attention 

mechanism: 

1 ||
1

i

l k k l

i ij j

j N

K

k
 



 
     

f W f                (18) 

where 
l

if  is a set of node features of node i at layer l; 

iN  represents the adjacent nodes of node i; k
W denotes 

the input linear transformation’s weight matrix corre-

sponding to k

ij ; k

ij  is the normalized attention coef-

ficient computed in the kth attention mechanism; and ||  

denotes concatenation. The attention coefficients can be 

calculated by: 

 

 

T

T

exp LeakyReLU ||
    

exp LeakyReLU ||
i

l t

i j

ij
t t

i kk N

a



 
 
 









   

a Wf Wf

a Wf Wf
(19) 

The negative input slope of LeakyReLU  is 0.2, 

which is rectified linear activation function with a slope 

when the input is negative; and T
a is a weight vector such 

that T 2 ' ,Fa  parameterizing the attention mechanism.  

GAT enables importance assignments for better pre-

diction accuracy. However, the attention mechanism 

may require a large amount of data, and limited power 

system operation data may not fully explore the poten-

tial of GAT. 

3) Generalize Graph Network 

GEN is proposed by [25], which works with fully 

differentiable message construction function, message 

aggregation function, and vertex update function.  

The message construction function for GEN for in-

dividual message construction for each neighbor, ( )l

ijh , 

is defined in (20), which is applied to features at node i, 

ih , and its neighbor features 
jh  such as ij N . It is 

noticeable that some message aggregators are only ap-

plicable to positive features but will not affect the im-

plementation of DCEM because all features involved 

are positive.  
( ) ( )ReLU( ) ,l l

ij j ij N  h h                (20) 

where ReLU( )  is rectified linear unit activation func-

tion; and  is a positive constant, i.e., 710 . 

The message aggregation function can output an ag-

gregated or reduced nodal features, as described in (21), 

where AGG( )  denotes aggregation operation. Two 

aggregation functions are usually involved in GEN, 

SoftMax aggregation and PowerMean aggregation [28]. 

For a message set { }|ij ij Nh  and D

ij h , the Soft-

Max aggregation function is defined in (22)., whereas 

for a message set { }|ij ij Nh  and D

ij h , the 

PowerMean aggregation function is defined in (23) 

controlled by a parameter p . Our experiments show 

that SoftMax aggregation and PowerMean are literally 

equally effective in feature aggregation real-time 

DCEM. 

  AGG |i ij ij N h h                   (21) 

exp( )
SoftMax_AGG( )

exp( )i

i

ij

ijj N
ikk N







  


h
h

h
 (22) 

1

1
PowerMean_AGG( )

i

p
p

ijj N
iN 

 
    

 
 h       (23) 

PowerMean aggregation can only be applied when all 
features are positive, and SoftMax aggregation is ap-
plicable for both positive and negative features. The two 
aggregation operations have similar operations. We use 
PowerMean aggregation in this paper because Power-
Mean is less computational complex. 

The vertex update function can be then expressed in 

(24), where MLP is used to output the updated features. 

  ( ) ( ) )1 (MLP AGG ,  l l l

i i ij ij N   h h h        (24) 

Compared with other GCN, GEN can strengthen the 

feature aggregation functions of GNN and enhance the 

capability of node features learning. 

C. GNN Architecture for Real-time DCEM 

The graph-structured data are constructed to repre-

sent the power system topology. The edges and nodes of 

the graph-structured data can represent transmission 

lines and substations, as explained in Section Ⅲ.A. 
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Based on the graph convolution operations discussed 

above, we design two GNN structures for real-time 

DCEM: single-layer GNN and multi-layer GNN.  

The convolution layer is directly connected to a series 

of FCLs in the single-layer GNN design, as illustrated in 

Fig. 6. In particular, G

nP  and 
G

nR  represent the power 

injection and GCEF at node n  as the generation-side 

data; ne  and nR  denote the demand-side data, NCEI 

and NCE at node n . This setup enables the neural 

networks to possess a fundamental graph feature ex-

traction capability.  

For the multi-layer GNN network, the initial graph 

convolution layers are connected to an intra-FCL (ful-

ly-connected layer) for feature downsize, which is 

connected to the subsequent graph convolution layers, 

as shown in Fig. 7. The intra-FCL serves the purpose of 

reducing feature dimensions to its input feature size. 

Specifically, if the graph convolution layers extract 

more nodal features, the intra-FCL will reduce these 

nodal features to match the original size. Our experi-

ments show that this feature downsize can reduce the 

training time and enhance the network’s performance, 

which will also be discussed in the case study section. 

While GNN networks can contain multiple graph 

convolution layers, we empirically discourage the use of 

deep GNN networks. Our experiments indicate that 

deep GNN networks may lead to a degradation in net-

work performance and slow down the training process. 

Based on empirical evidence, we recommend GNNs 

with two graph convolution layers, as they can achieve 

desirable accuracy and training speed for most power 

systems. 

 

Fig. 6.  Single-layer GNN network structure for real-time DCEM. 

 

Fig. 7. Multiple-layer GNN network structure for real-time DCEM. 

D. Assessment Metrics and Implementation Procedure 

GNNs use supervised learning algorithms to train the 

model based on observed and predicted values. During 

the training process, mean square error (MSE) is used to 

estimate the network’s performance, and network 

weights in the neural network are adapted through 

backward propagation of error. Once the training pro-

cess is completed, other metrics can assess the networks 

from different perspectives, as given in (25). Note that 

ˆ
iy
 
indicates the actual value. However, it should be 

noted that mean absolute percentage error (MAPE) and 

symmetric mean absolute percentage error (SMAPE) 

are not suitable for estimating the performance of the 

trained network for real-time DCEM because the values 

of NCEs or NCEIs of some nodes may be zero, which 

may lead to a problem of “dividing by zero” when using 

these metrics. 
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The overall procedure to implement the proposed 

real-time DCEM is shown in Fig. 8. A low-carbon 

power system scenario simulating the power system 

operating scenario under the context of the carbon 
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emission market is first generated, as discussed in Sec-

tion II.B. Then, the power flow data of the low-carbon 

scenario is collected. The generation-side data (GCEF 

and power injection) and the demand-side data (NCE 

and NCEI) are calculated through the aforementioned 

CEF model, which is essential to enable the data-driven 

method.  

 

Fig. 8.  Overall procedure for CEF optimization and neural net-

work training for real-time DCEM. 

Ⅳ.   CASE STUDY 

A case study based on the IEEE 118-bus power sys-
tem is presented using the proposed method. The test 
system includes 54 generators, 118 substations, and 186 
branches, the details of which are available in 
MATPOWER [29].  

The generation cost and CEQ price are determined 
according to IEA’s report in 2020 [30]. The actual and 
forecasted data of power demand and renewable power 
generation, as shown in Fig. 8, are derived from real 
power system operation data from open power system 
data and Elia open data [31], [32]. Specifically, the 
training data is selected from the hourly sampled data 
between 2015 and 2018, while the test data is collected 
from 2018 to 2019. Given that only active power data is 
available, we assume that the reactive power demand 
shares the same trends with active power. 

We first implement the DPCCE to generate the 
low-carbon power system scenario and data collection 
using Matlab and MATPOWER. Subsequently, under 
the low-carbon power system operation scenario, we 
train the GNNs proposed in Section III for real-time 
DCEM. The GNNs are built and trained with PyTorch 

and PyG on a laptop with Intel(R) Core(TM) i5-10300 H 
CPU @ 2.50 GHz. Other typical methods for comparison 
are implemented with PyTorch (MLP and CNN) and 
scikit-learn. The performance of the GNNs is presented 
to illustrate the effectiveness of the proposed method. 
The advantages of the proposed GNN architecture and 
observed NCEI patterns are also discussed in this section. 

A. Low-carbon Scenarios Generated by DPCCE 

The power system in this case study is composed of 
different types of generation units, including 13 
coal-fired generators, 22 gas turbines, 5 wind farms, and 
14 solar power units. The setting of these generators is 
shown in Table Ⅱ, and all the generation units are as-
signed to buses randomly, as given in Table Ⅲ. 

TABLE Ⅱ 

GENERATION UNIT SETTING 

Generator type GCI 
Carbon price 

($/tCO2) 

Generation cost 

($/MW) 

Coal-fired 0.875 30 78 

Gas turbine 0.6 30 68 

Wind 0 30 66 

Photovoltaic 0 30 73 

TABLE Ⅲ 

IEEE 118-BUS SYSTEM GENERATOR ASSIGNMENT 

Generator type Generator number 

Coal-fired 

power 

10,   12,   13,   14,   22,     30,   34,   42,   43,   44,   

45,   52,   53 

Gas power 
1,   3,   8,   11,   15,   16,   18,   20,   24,   29,    32,   

35,   36,   37,   38   39,   40,   41,   46,   47,   48,   54 

Wind power 7,   17,   21,   28,   51 

Solar power 
2,   4,   5,   6,   9,   19,   23,   25,   26,   27,   31,  33,   

49,   50 

Using the DPCCE discussed in Section Ⅱ.B, the 
system can be operated in a low-carbon scenario. To 
emulate the profit-driven characteristics of all stake-
holders, the carbon emissions and generation cost 
weight are both set to 0.5 [33]. The day-ahead power 
generation is planned with the forecasted power demand 
and generation data in Figs. 9(b) and (d). The actual 
power demand and renewable power generation are 
shown in Figs. 9(a) and (c). In real-time operation, the 
generation units operate as planned, and the flexible 
generator will compensate for the day-ahead prediction 
error. The power injection, GCEF, NCE, and NCEI data 
in such a low-carbon scenario are provided in Figs. 10 

(a)(d), respectively.  
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Fig. 9.  Power system operation data. (a) Actual power demand. 
(b) Day-ahead forecasted power demand. (c) Actual renewable 
power generation. (d) Day-ahead forecasted renewable power 
generation. 

 

 

 

 
Fig. 10.  Generation-side and demand-side data. (a) Power injec-

tion. (b) GCEF. (c) NCE. (d) NCEI. 

However, the inevitable prediction errors will lead to 
a higher carbon emission, as given in Table Ⅳ. An 
additional regular power system that only takes the 
electricity generation cost into account is also presented 
as a basis for comparison. It is observed that the 
CEF-considered planning has a lower carbon emission 
compared with regular generation cost planning. 

TABLE Ⅳ 

ESTIMATED CARBON EMISSION AND ACTUAL POWER EMISSION 

Stage 
CEF-considered plan-

ning (tCO2) 

Regular cost planning 

(tCO2) 

Planning 71.5976 10  
71.7825 10  

Actual operation 71.7134 10  
71.8222 10  

With historical 

data 
71.6165 10  

71.6810 10  

The nature of the low-carbon power system scenario 

is to prioritize the utilization of energy sources with 

lower GCI. For instance, regular cost planning tends to 

shut down solar power and utilize gas power instead. On 

the other hand, in the low-carbon scenario, renewable 

sources are preferred due to the involvement of the CEQ 

price. The advantage of that in carbon emission reduc-

tion can also be evaluated by RPP, which is defined in 

(26), where TRP is the total renewable power generation 

and TDP  is the total power demand, to describe the 

proportion of clean energy in a power system. Figure 11 

shows a case of monthly variations of RPPs of regular 

and low-carbon power system scenarios. It is observed 

that the low-carbon scenario has higher RPPs compared 

with the regular scenario, and a higher RPP indicates a 

higher percentage of clean energy and a lower carbon 

emission. 
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The operation data can be collected to enable the 
proposed data-driven method. The power injection and 
GCEF are collected as the generation-side data, and the 
NCE and NCEI are collected as the demand-side data. 
The performance of GNN will be discussed in the next 
section.  

 
Fig. 11.  RPP comparison between DPCCE and regular optimi-

zation. 

B. CNN and MLP for Comparison 

MLP, consisting of a series of FCLs, is one of the 

typical models of the artificial neural network consist-

ing of the input layer, output layer, and hidden layers, 

which is also built as a comparison basis to highlight the 

advantages of the proposed GNNs.  

Furthermore, typical CNNs are built and tested to 

further demonstrate the advantage of GNN according to 

[34][36]. Reference [34] uses CNN-LSTM for 

short-term forecasting of photovoltaic power produc-

tion, reference [35] uses a hybrid CNN-based network 

to predict global solar radiation, and reference [36] 

proposes a CNN-based method for distribution system 

fault classification. Since the DCEs and generation-side 

data only have the spatial connection, we reasonably 

replace LSTMs with FCLs. The CNNs used in this 

paper consist of convolution layers, pooling layers, and 

FCLs, as shown in Fig. 12. We use both 1D CNN and 

2D CNN to explore the potential of CNNs, as discussed 

in [37].  

 

Fig. 12.  Architecture of typical CNNs. 

CNNs normally incorporate pooling layers to further 

extract features and accelerate network training. How-

ever, pooling layers may also lose some information and 

result in poorer CNN performance. Therefore, we test 

each CNN architecture with and without pooling layers 

to decide whether a CNN should include a pooling layer. 

We find that the average pooling layer is more suitable 

compared with max pooling for real-time DCEM, and 

the pooling layer may strengthen the CNN’s generali-

zation ability for some structures. We find that 

CNN(1D)x2-Avg-FCLs and CNN(2D)x2-FCLs 

achieve the best performance among other CNNs, and 

their performance in terms of MSE, MAE, and R2 are 

also given in Table V. Although we have selected the 

best CNNs, their performances are worse than GNNs 

though they are better than MLP under the same training 

setting that will be given later. 

TABLE V 

PERFORMANCE COMPARISON OF DIFFERENT METHODS FOR DCEM 

Type Method Graph convolution dimension MSE MAE R2 Score 

Traditional machine 

learnings 

Gradient boosting  0.906 0.336 0.391 

Support vector machine  0.198 0.178 0.516 

Decision tree  0.186 0.157 0.569 

Random forest  0.139 0.113 0.732 

Typical deep learnings 

MLP  0.0644 0.0966 0.820 

CNN(1D)x2-Avg-FCLs 32, 64, 128 0.0545 0.0931 0.817 

CNN(2D)x2-FCLs 32, 64, 128 0.0530 0.0912 0.810 

GNN 

GCN 9 0.0580 0.0949 0.819 

GAT 9 0.0543 0.0918 0.821 

GEN 9 0.0524 0.0920 0.820 

GEN-GAT 3, 6 0.0513 0.0901 0.817 

GEN-GEN 3, 6 0.0477 0.0883 0.820 

GEN-GCN 3, 6 0.0445 0.0850 0.823 

GEN-GCN-WFD 3, 6 0.0474 0.0891 0.820 

GEN-GCN-GCN 3, 3, 3 0.0507 0.0891 0.821 

C. Real-time DCEM Performance Comparison 

With the generation-side and demand-side data 
collected before, we can train the GNN designed for  

real-time DCEM. In this case study, 90% of the da-

taset is the training set, and the remaining data is used 

as the validation set. Several GNNs following the 
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structures discussed in Section Ⅲ.A are tested in this 

section to compare their performances and identify the 

best GNN structure.  

1) GNN Hyper-parameters and Training Details 

The GNN structures discussed in Section Ⅲ.A are 
used here with the data collected in the previous section. 
To maintain uniform complexity across all neural net-
works, the sum of the graph convolution dimension and 
the number of layers remains consistent. In this case 
study, the MLP comprises 5 FCLs, and the other GNNs 
also consist of 5 layers, which include both convolution 
layers and fully connected layers. For example, if a 
GNN is composed of 2 graph convolution layers, this 
GNN will have 3 FCLs. In this paper, every FCL has 
100 hidden units. Also, the one-layer GNNs have a 
convolution dimension of 9, whereas the two-layer 
GNNs have convolution dimensions of 3 and 6, re-
spectively. This approach ensures that the neural net-
works have the same complexities for a fair comparison 
of their performances.   

The training setting for both the GNN and other typ-
ical methods are the same: 1) a maximum training epoch 
of 1000; 2) a learning rate of 0.0001; and 3) a stopping 
criterion that prevents overfitting by halting training if 
there is no improvement in the validation loss after 10 
epochs. Despite these basic training strategies, learning 
rate decay is also tested in our neural network training. 
However, we observe that the performance of dynamic 
learning rate adjustment is not stable and will not con-
sistently yield better results.  

To compare the accuracy of different methods, we 

also include traditional machine learning methods such 

as decision tree and random forest. The results of all  

methods will be discussed in the next section for a 

comprehensive evaluation of their performances 

alongside the proposed GNN approach. 

2) The Role of Feature Downsize 

The proposed GNN architecture has an intra-FCL for 

feature downsize. Feature downsize refers to the opera-

tion to reduce the nodal feature size that may be in-

creased by graph convolution operation, which can be 

achieved by pooling, convolution, or other techniques. 

We use a FCL to achieve feature downsize because FCL 

can be trained faster under the same training setting 

without information loss like pooling. For example, the 

input nodal feature number is 2 in this paper. Then, the 

nodal features will be increased by the graph convolu-

tion operation. Then, the intra-FCL for feature downsize 

will reduce the nodal feature number to 2. The changes 

in nodal feature size of the proposed GNN architecture 

are given in Fig. 13(a). 

Our experiments show that the feature downsize can 

improve the network performance and speed up the 

network training time. A typical GNN without feature 

downsize is built by putting the FCL for feature down-

size after GCN, as shown in Fig. 13(b), which is denoted 

by GEN-GCN-WFD. The learning curves and test 

performance of GEN-GCN and GEN-GCN-WFD are 

shown in Fig. 14 and Table V. It is observed that the 

GNN with feature downsize will converge faster: the 

training time for GEN-GCN and GEN-GCN-WFD are 

2949 s and 3325 s, respectively. GEN-GCN also out-

performs GEN-GCN-WFD in terms of MSE, MAE, 

and 2R . 

 

Fig. 13.  Feature size details.  (a) GEN-GCN. (b) GEN-GCN-WFD.  

 
Fig. 14.  Learning curves of GEN-GCN and GEN-GCN-WFD. 

3) Comparison Between GNN and Other Typical Methods 

To assess the effectiveness of graph convolution 

layers, we construct various GNNs following the 

structure in Figs. 6 and 7. These GNNs consist of graph 

convolution layers of GCN, GAT, and GEN, along with 

MLP layers. We then compare the single-layer GNNs 

and multi-layer GNN with MLP, CNNs, and other tra-

ditional machine learning methods in terms of learning 

curve, MSE, MAE, and 2R . The performance of dif-

ferent methods and the corresponding learning curves 

are provided in Table V and Fig. 15.  
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Fig. 15.  Comparison of learning curves. (a) Training loss. (b) 

Validation loss.  

As shown in Table V, MLP exhibits clear advantages 
over traditional machine learning methods, including 
decision tree (DT) and random forest (RF). CNNs are 
better than MLP. GNNs, on the other hand, demonstrate 
a notable improvement compared with MLP and sin-
gle-layer GNN. From Fig. 15, it is observed that sin-
gle-layer GNNs have smaller losses in the training set 
and validation set than MLP. Single-layer GNNs also 
have lower validation losses than CNNs. It is also no-
ticeable that some CNNs have better performances than 
single-layer GCN and GAT. On the other hand, the 
two-layer GNNs demonstrate clearer advantages over 
other methods, including CNNs. According to Fig. 15, 
two-layer GNNs have lower training curves and vali-
dation curves, which is also reflected in Table V. 

4) Graph Convolution Comparison 

To further exploit the potential of GEN, we also in-
vestigate other graph convolution operations, including 
GAT, GCN, and GEN for single-layer and multi-layer 
GNNs. In particular, the performance of GEN is the best 
among single-layer GNN, indicating the potential of 
GEN. It is also noteworthy that single-layer GEN does 
not show overwhelming superiority over other GNNs 
on the test set: the MAE of GEN is higher than that of 
GAT, and that of GEN is lower than that of GAT. After 
analyzing the graph convolution’s performance with 
single-layer GNNs, we also integrate other graph con-
volution layers into the original single-layer GEN by 
constructing two-layer GNNs depicted in Fig. 7. It is 

observed that two-layer GNNs outperform single-layer 
GNNs in the view of learning curve. Moreover, 
GEN-GCN achieves the smallest loss on the training set 
and validation set, and GEN-GAT also has a good 
performance second only to GEN-GCN. Based on the 
results presented in Table V, the performance of 
GEN-GCN is still the best, but GEN-GAT’s perfor-
mance is worse than GEN-GEN though GEN-GAT has 
a lower train loss and validation loss. GEN-GAT also 
takes more time in the training. The training times for 
GEN-GAT, GEN-GCN, and GEN-GEN are 5170 sec-
onds, 2949 seconds, and 2645 seconds. In this case, 
GAT may not be suitable for real-time DCEM due to its 
unimpressive performance and long training time.  

Afterward, we construct a deeper GNN network 

comprising three convolution layers with GEN and two 

GCN following the same GNN structure in Fig. 7. In 

particular, the structure of the three-layer GNN is 

GEN-GCN-GCN, and MLP is applied between GEN 

and GCN, as well as GCN and GCN. However, the 

performance of the deeper GEN-GCN-GCN network is 

degraded compared to the two-layer networks, which is 

reflected in the learning curves and test performance in 

Fig. 15 and Table V. GEN-GCN-GCN takes 3670 

seconds to be trained, longer than GEN-GCN. Given the 

training time and performance of GEN-GCN-GCN, 

GEN-GCN is more suitable for real-time DCEM com-

pared with the three-layer GNN. 

We also experiment with residual connections, and 

slight degradation and faster convergence are found. 

Since residual connections are primarily used to facili-

tate the training of deeper networks, their impact may be 

limited for two-layer GNNs.  

To further demonstrate the advantages of GNN over 

other methods, we calculate the MSE and overall rela-

tive errors (ORRs) of NCE and NCEI of every bus using 

GEN-GCN as the GNN model and other machine 

learning methods. The ORR denoted by sum  given in 

(27) is the relative error of the sum of NCE as given 

below, which can evaluate the prediction bias, where 

i is the difference between the predicted value and 

actual values; and i is the actual value. If ORR is large, 

the model may produce overall higher or lower results, 

which are unfair for all stakeholders. 
g
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As depicted in Fig. 16, GNN demonstrates superior 

performance in terms of MSE and ORR for the majority 

of nodes. A specific example in Fig. 17 provides a dai-

ly-based real-time DCEM example for bus 20 using 

GNN, MLP, and other machine learning methods, fur-

ther illustrating the advantage of GNN intuitively. The 

prediction errors of GNN are smaller compared with 

other methods for both NCE and NCEI. By comparing 
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GNN with other machine learning methods, it is ob-

served that GNNs are more effective in accurately es-

timating real-time DCEM in power systems, realizing 

more accurate real-time DCEM and less potential bias.  

 

 

 

 
Fig. 16.  GNN, MLP, and other machine learning methods’ per-

formances in terms of MSE and ORR. (a) MSE of NCE. (b) MSE 

of NCEI. (c) ORR of NCE. (d) ORR of NCEI. 

 

 

 

 
Fig. 17.  Real-time DCEM results comparison on the daily basis 

for GNN, MLP, DT, and RF. (a), (b) NCE. (c), (d) NCEI. 

D. Discussions on the Carbon Emission Patterns 

Seasonal patterns in NCEIs, as well as a negative 
correlation between NCEI and RPP, are observed 
through our experiments. Specifically, the NCEI tends 
to become larger in winter and lower in summer, and 



Zhu et al.: TWO-STAGE REAL-TIME CARBON EMISSION MONITORING FOR LOW-CARBON POWER SYSTEM... 179 

NCEIs are lower when the RPP is larger. In this way, the 
RPP in winter is relatively small and reaches its peak 
value in summer. 

Bus 20 and bus 60, that are far apart in the IEEE 

118-bus system, are selected to demonstrate the sea-

sonal pattern. From Table VI, the NCEIs of buses 20 

and 60 in December are larger than those in June. The 

variations in NCEIs originate from the changes in 

power demand and renewable power generation, which 

can be evaluated by RPP. Therefore, there is a negative 

correlation between RPP and NCEI. As shown in Table 

Ⅵ, in June, the RPP reaches its highest level, leading to 

the lowest NCEI. In December, the value of RPP is the 

lowest, and the corresponding NCEI is the highest.  

TABLE Ⅵ 

RPP AND NCEI OF BUS 20 AND BUS 60 

Time period 
Average 

RPP 

NCEI of bus 20 

(tCO2/MW) 

NCEI of bus 60 

(tCO2/MW) 

March 0.161 0.432 0.364 

June 0.169 0.427 0.341 

September 0.157 0.460 0.475 

December 0.141 0.490 0.537 

Overall 0.157 0.449 0.432 

The variations in the average NCEIs for bus 20 and 

bus 60 also match the carbon emission pattern of the 

whole system. In fact, the average NCEIs of the system 

in Q1, Q2, Q3, Q4, and the whole year are 0.541, 0.537, 

0.544, 0.557, and 0.545 tCO2/MW, respectively. 

Similar to power demand patterns, the NCE and 

NCEI are sometimes periodic and random in some cases. 

Typical weekly-based examples of periodic DCE are 

given in Figs. 18(a) and (b), the peaks and valleys of 

which can be easily observed. In contrast, periodic 

patterns are hard to identify for those in Figs. 18(c) and 

(d). The predictions for non-periodic data are usually 

more challenging than periodic data if temporal-related 

components are involved. The proposed real-time 

DCEM method, on the contrary, can deal with both 

periodic and non-periodic data effectively because only 

spatial connections are considered. In particular, the 

prediction MAEs of Figs. 18(a)(d) are 0.0115, 0.560, 

0.008 62, and 0.465, respectively. 

 

 

 

 
Fig. 18.  Typical examples of periodic DCE. (a), (b) Periodic 

DCE. (c), (d) Non-periodic DCE. 

Ⅴ.   CONCLUSION 

This paper introduces a two-stage real-time DCEM 

method for low-carbon power systems. In the first stage, 

the power flow data of a power system is collected. 

Subsequently, the NCE and NCEI are calculated using 

the CEF calculation model, which are then used as the 

demand-side data, along with power injections and 

GCEF, to train a GNN for real-time DCEM in the sec-

ond stage. The GNN can determine DCE with real-time 

available generation-side data only, thus realizing re-

al-time DCEM.  

A case study using the IEEE 118-bus power system is 

presented to demonstrate the accuracy and effectiveness 

of the proposed real-time DCEM method. In particular, 

a low-carbon power system scenario is generated with 

the day-ahead power generation planning method con-

sidering the CEQ price, which prioritizes clean energy, 
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and the power flow data of that is collected to generate 

the generation-side data and demand-side data to enable 

the data-driven method. A variety of GNN structures for 

real-time DCEM are investigated to identify the best 

GNN. GNNs and other machine learning methods are 

also compared, demonstrating the advantages of GNN 

for real-time DCEM in terms of different metrics. In this 

case study, seasonal regularities and the correlation 

between RPP and NCEI are observed. Moreover, the 

proposed method can effectively deal with carbon 

emission patterns regardless of whether there are regu-

larities in the pattern. 
The proposed real-time DCEM method opens the 

possibility for implementing the CEQ policy in the 
future, encouraging the widespread adoption of re-
newable power and driving the transition towards 
next-generation low-carbon power systems, which 
holds promising prospects for achieving carbon emis-
sion peak and neutrality in the power sector. 

The proposed GNN-based method for real-time 
DCEM also has certain limitations. GNNs rely on graph 
representations that explicitly capture the node connec-
tion. Therefore, the proposed method requires more 
detailed information about the power system topology. 
If the power system topology is changed due to 
maintenance, the GNN may need to be retrained. In 
addition, GNNs incorporate an iterative mes-
sage-passing mechanism that is computationally com-
plex, which may also decelerate the training process. 
Fortunately, the advancements in power system moni-
toring technology and computation hardware can miti-
gate the potential problems, and the offline training of 
the proposed will not affect its online application, thus 
making the proposed method less susceptible to long 
network training time and retraining. 

The proposed method can be further refined with 

edge features, and new graph convolution layers can be 

designed to improve GNN performance and reduce 

training time. 

APPENDIX A 

The standard model to perform power system opti-

mization is indicated in (A1), where ( )f x  is the ob-

jective function; ( )g x  and ( )h x  are the power flow 

constraints; x and x are the constrained lower and up-

per values; x is an optimization vector consisting of 

g 1n   generator real and reactive power injections 

(denoted by GP  and GQ , respectively) and b 1n   vec-

tors of voltage magnitude and angles (denoted by V  

and  ), as given in (A2). 

Min ( )

( ) 0

 ( ) 0

 

f

g

h


 


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≤

＜ ＜

x

x

x

x x x

                         (A1) 
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

                              (A2) 

Equation (A3) is the objective function, where iW  

refers to the ith element in overallW ; while G

iP  and 
G

iQ  

are the active power and reactive power output of the ith 

generator, respectively. 

G G G G

1

( , ) ( )
Y

i i

i

i

f P Q W P Q


               (A3) 

Then, we can model an b bn n  network admittance 

matrix, netY , with the bn bn n  “from end” and “to end” 

admittance matrix 1Y , 2Y . Note that bnn  denotes the 

number of branches. netY  can be computed as shown in 

(A4) by 1Y , 2Y , and the corresponding connection 

bn bn n  matrices 1C  and 2C , which are defined ac-

cording to network connections: for each branch i 

connection bus a to bus b, ( t, ) hi a  and ( t, ) hi b  ele-

ments of 1C  and 2C  are 1, and other elements are zero. 

T T

net 1 1 2 2   Y C Y C Y                       (A4) 

The complex power injections can be therefore 

computed in terms of the b 1n   complex bus voltage, V, 

as: 

bus netdiag{ }( )  * *
S V V Y V                  (A5) 

Equation (A5) can be expressed by active and reac-

tive aspects with voltage angles, and the bus injection 

can form equations with injections of generators and 

loads. Since each node has two constraints for active 

power and reactive power, for an n-bus system, there are 

2n equality constraints as: 

P G net d G,inj

P G net d G,inj

( ) ( )

(

, , ,

) ), , ,(

G P

Q Q

  


  

V P V P P

V P V Q Q

 

 
      (A6) 

where net ( , )P V   and net ( , )Q V   denote the active and 

reactive power injection from the network; dP , dQ , 

G,injP , and 
G,injQ  are the known active and reactive in-

jections from loads and generators, respectively; the 

expressions of 
G,injP  and 

G,injQ  are given in (A7): 

G,inj G G

G,inj G G






P C P

Q C Q
                      (A7) 

where GC  is an 
b gn n  connection matrix such as 

G,xyC , the (x,y)th element of GC  is 1 if there is a gen-

erator y located at node x. 

The inequality constraints ( )h x  can be written as:  

1 max

2 max

( )

(

, 0

, 0)  

F F

F F

 




≤

≤

V

V




                 (A8) 



Zhu et al.: TWO-STAGE REAL-TIME CARBON EMISSION MONITORING FOR LOW-CARBON POWER SYSTEM... 181 

where
1 ,( )F V  and 

2 ,( )F V  denote the magnitude of 

power flowing for the “from” end and “to” end in a 

transmission line; and maxF  is the maximum power 

allowed in a branch. Note that 
1 ,( )F V  and 

2 ,( )F V  

can be written in the form of apparent power, active 

power, and reactive power. In this paper, the flow in (A8) 

is regarded as apparent flow. Constraints imposed on 

generators in a power system, including generator out-

puts, generator voltages, and voltage reference angles, 

can be written in terms of inequality constraints in (A9), 

(A10), (A11), and (A12), respectively. 
min max

G G G g,  1, ,i i iP P P i n≤ ≤              (A9) 

min max

G G G g, 1, ,i i iQ Q Q i n≤ ≤            (A10) 

min max

B G B b, 1, ,i i iV V V i n≤ ≤             (A11) 

ref ref ref,i i i i I   ≤ ≤                 (A12) 

For the model introduced above, mathematical 

methods such as mix-integer linear programming can 

solve the optimization problem. 
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