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Abstract—Dynamic temperature monitoring at critical 

locations of IGBT modules is a key means to improve the 

reliability of high-power converters. However, most ex-

isting thermal model-based methods suffer from temper-

ature estimation errors due to model parameter varia-

tions and loss calculation errors. To address this problem, 

based on the reduced-order thermal model, an H  ob-

server-based robust 3-D thermal monitoring method for 

IGBT modules is proposed in this paper. Through the 

optimized design of the observer feedback gain, the 

thermal model and real-time temperature information 

are effectively combined, which reduces the temperature 

estimation error in the worst case. Thus, the proposed 

method is more robust to model parameter uncertainty 

and loss error than the conventional temperature ob-

servers. Experiment validations of the proposed 
H ob-

server and conventional observers are provided. The 

results demonstrate that the proposed observer achieves 

the highest temperature estimation accuracy under vari-

ous system uncertainties, making it an effective solution 

for reliable online thermal monitoring of IGBT modules 

over the whole life cycle. 
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Ⅰ.   INTRODUCTION 

igh-power converters, as critical power conversion 

equipment, are widely used in wind power, pho-

tovoltaic generation, energy storage, and HVDC ap-

plications [1], [2]. Multi-chip IGBT modules with high 

power density are the core components of high-power 

converters. However, recent studies have shown that 

IGBT modules are the most vulnerable components in 

high-power converters, with the main failure factors 

being over-temperature damage and aging caused by 

thermal-mechanical stresses. Temperature monitoring 

for IGBT is the prerequisite for over-temperature pro-

tection, online lifetime prediction, and active thermal 

management, and is the key to improving the reliability 

of high-power converters. 
Nowadays, many methods are available to yield the 

temperature inside the IGBT modules, such as infrared 
thermography, fiber optics, physical sensors, and ther-
mosensitive electrical parameters (TSEPs) [3], [4]. 
However, the applications of these methods are hindered 
by several challenges, such as high cost, damage to 
module packaging, low sensitivity, susceptibility to 
electromagnetic interference (EMI), coupling with op-
erating conditions, and limited spatial resolution. In 
contrast, the thermal model method has the advantages 
of non-invasiveness, insensitivity to EMI noise, and the 
ability to estimate the temperatures at specific spatial 

locations [5][21]. Among them, the thermal network 
models balance accuracy and model complexity, thus 
making them suitable for long-term thermal analysis and 
online temperature monitoring for IGBT modules. 

The 1-D Foster thermal network and the 1-D Cauer 
thermal network are two typical thermal network models. 

The parameters of the 1-D Foster model can be obtained 

by fitting the transient thermal impedance curve, but the 

parameters do not reflect the physical properties of the 

H 
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IGBT. In contrast, the 1-D Cauer model is constructed 
based on the packaging structure and material properties, 

so the parameters in this type of model have physical 

meanings. 
However, applying 1-D thermal network models to 

multi-chip IGBT modules may underestimate the junc-
tion temperature due to neglecting the thermal 
cross-coupling (TCC) effect. To tackle this challenge, a 
3-D Foster model is developed in [10], in which the 
self-heating and cross-coupling thermal impedances are 
combined by the superposition theorem to account for 
TCC effect. 3-D Cauer models with physical meaning 
were proposed in [11] and [12], which are also suitable 
for monitoring temperatures at specific locations in 
multichip IGBT modules. A novel two-step parameter 
extraction method [13] and level-based learning swarm 
optimization (LLSO) method [14] are employed to fur-
ther improve the efficiency of the identification of pa-
rameters in the 3-D Cauer model. Reference [15] con-
siders the temperature dependence of material thermal 
parameters and improved the model in [13], enhancing 
the accuracy of the 3-D Cauer model within the full 
temperature range. However, the parameter identifica-

tion of the thermal models in [10][15] relies on finite 

element method (FEM) transient simulation, which is 

time-consuming. In [16][19], by only utilizing the 
thermal flux curves obtained from steady-state FEM 
simulation, the parameters of a 3-D tempera-
ture-dependent thermal model were analytically calcu-
lated. To reduce the complexity of the thermal network 
model, a decoupled thermal model decomposing the 3-D 
thermal network into 1-D analytical Cauer models [20] 
and an average 2-D thermal model [21] are proposed. 

Accurate power loss information and thermal model 

parameters are necessary for precisely estimating junc-

tion temperature in the thermal model method. However, 

as shown in Fig. 1, in the whole life cycle of IGBT 

modules, due to manufacturing tolerances, boundary 

condition variation, and calibration error, the calculated 

power loss and parameters of the thermal model have 

deviations ΔP, ΔR, and ΔC from the actual values in the 

initial stage. These deviations will further increase due 

to the aging of the solder layer, thermal interface mate-

rial (TIM), cooling system, and bonding wire [22][29]. 

However, most existing thermal model methods do not 

adequately address the impact of these uncertainties, 

leading to significant temperature estimation errors ΔT. 

 
Fig. 1.  Thermal model parameter and power loss errors of IGBT. 

Several technologies have been proposed to mitigate 

the impact of parameter variation caused by one specific 

mechanism. For instance, a recursive least squares ap-

proach is proposed to rectify thermal model parameter 

deviation due to cracks in solder [23]. Furthermore, the 

relationship between lateral temperature gradients on the 

case and crack length of direct bond copper (DBC) sol-

der is established in [24], [25]. For cooling system deg-

radation, an online identification method is introduced 

for air duct blockage degree [27], followed by analytical 

calculation of heatsink thermal parameters [28]. Addi-

tionally, methods in [30] and [31] improve the accuracy 

of the thermal model under variable boundary conditions 

by fitting model parameters as functions of flow rate and 

selecting negative temperature coefficient (NTC) as 

temperature reference point, respectively. 

However, in practice, multiple aging mechanisms 

coexist, causing thermal parameter deviations in the 

solder layer, TIM layer, and heat sink simultaneously. 

The cooling temperature-curve-based method [32] and 
dual Kalman filter (DKF) based method [33] are pro-

posed to identify all thermal resistances and capaci-

tances in the thermal model, with the potential to miti-

gate the adverse effects of thermal model parameter 

errors caused by multiple aging mechanisms on tem-
perature estimation. However, accurate loss information 

or junction temperature, which is challenging to obtain 

in real time, is required in these methods. To further 

improve the accuracy of loss calculation, a conduction 
loss online correction method based on the Leven-

berg-Marquardt algorithm is proposed for press-pack 

IGBTs [34], but it is not robust enough to model pa-

rameter variations. Reference [35] estimates power loss 

using lead temperature measurements, but this method 
compromises insulation performance and limits its ap-
plicability in medium and high-voltage applications. In 

summary, the performance of the above methods will be 

degraded in the simultaneous presence of both model 
parameter and power loss uncertainties. 
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Compared with open-loop thermal models, tempera-

ture observers potentially offer a more robust solution by 

combining the measurement information and the model. 

For instance, a proportional-integral (PI)-based observer 

is used to identify the thermal resistances and capaci-

tances of the solder layer [36], while references [5] and 

[37] propose temperature observers based on PI and 

adaptive artificial neural network (ANN), respectively, 

to compensate for power loss error. However, these 

methods necessitate junction temperature information, 

which is challenging to acquire online. A Luenberger 

observer is proposed offering robustness to variable 

boundary conditions [38], whereas an unknown input 

observer [39] based on NTC temperature is utilized to 

simultaneously estimate junction temperature and power 

loss. Additionally, Kalman filters can achieve optimal 

temperature estimation under zero-mean Gaussian noise 

[40], [41]. However, due to the model parameter and 

power loss uncertainties with unknown statistical char-

acteristics, temperature estimation accuracy cannot be 

guaranteed theoretically by observers in [5], [36][41]. 

Although an NTC-based adaptive observer can correct 

power loss and model parameters without prior 

knowledge of the uncertainties [42], it only applies to 

single-chip IGBT modules. The comparative analysis of 

the above existing methods is shown in Table I (The ☆ 

represents approximately 1/2 performance of the ★). 

TABLE I 

COMPARISON OF EXISTING METHODS AND PROPOSED METHOD 

Method 

Robustness 

Universal Online 
Solder aging TIM aging 

Cooling sys-

tem aging 

Variable boundary 

condition 
Power loss error 

[23] ★★★ × × × × ★★★ √ 

[22], [24], [25], [26] ★★★ × × × × ★★ √ 

[27], [28] × × ★★★ ★★★ × ★★★ √ 

[30] × × × ★★★ × ★★★ √ 

[31] × × ★★ ★★★ × ★★★ √ 

[32] ★★★ ★★★ ★★★ ★★★ × ★ × 

[33] ★★★ ★★★ ★★★ ★★★ × ★★★ √ 

[34] × × × × ★★ ★ √ 

[35] ☆ ☆ ☆ ☆ ★★★ ☆ √ 

[36] ★★★ × × × × ★★ √ 

[5], [37] ★ ★ ★ ★ ★★★ ★ √ 

[38] ☆ ☆ ★★☆ ★★☆ ☆ ★★★ √ 

[39] × × × × ★★★ ☆ √ 

[40], [41] ☆ ☆ ☆ ☆ ☆ ★★★ √ 

[42] ★☆ ★☆ ★☆ ★☆ ★★★ ☆ √ 

Proposed observer ★★☆ ★★☆ ★★☆ ★★☆ ★★☆ ★★★ √ 

As shown in Table I, the main limitation of the ex-

isting methods is that most of them are only robust to 

parameter errors caused by one specific aging mecha-

nism or to power loss calculation errors. However, in 

real-world scenarios, solder, TIM, and cooling systems 

may age simultaneously, along with power loss calcu-

lation errors, leading to unsatisfactory junction temper-

ature estimation accuracy. 

To enhance the reliability of thermal monitoring of 

 
IGBT modules in the whole life cycle, a 3-D robust 

temperature estimation method is proposed, in which 

the H
 observer is combined with a reduced order 

thermal model (ROM) of IGBT for the first time, as 

shown in Fig. 2. The proposed technology effectively 

fuses the thermal model with the measurement infor-

mation, resulting in satisfactory 3-D real-time temper-

ature estimations even with power loss and thermal 

model parameter errors.  
 

 

Fig. 2.  The principle of the proposed 3-D robust online temperature monitoring method. 
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The rest of the paper is organized as follows. In Sec-

tion Ⅱ, based on FEM and model reduction technique, a 

3-D thermal reduced order model (3-D thermal ROM) is 

proposed. In Section Ⅲ, based on the ROM, the ob-

server gain is optimized to improve its robustness and 

reliability by reducing the estimation error in the worst 

case under all possible cases of parameter uncertainties. 

Section IV provides comparative experiment valida-

tions of the proposed H
 observer, traditional Luen-

berger observer, Kalman filter, and open loop thermal 

model. Finally, Section Ⅴ concludes the paper. 

Ⅱ.   THERMAL MODEL OF IGBT MODULE 

The critical component of the 3-D H  temperature 

observer is the reduced-order 3-D thermal ROM. The 

3-D thermal ROM is derived via model reduction of a 

3-D lumped parameter thermal network model, whose 

parameters are identified based on FEM simulations. In 

the following section, the modeling method for the FEM 

model and the 3-D thermal network of the IGBT module, 

and the model reduction technology are discussed. 

A. FEM Modeling of the IGBT Module in Ansys Icepak 

The 1700 V/450 A EconoDUAL half bridge IGBT 
module 2MBI450VN-170 is investigated in this paper, 
which consists of three paralleled IGBT chips and diode 
chips within each bridge arm. Its internal structure, 
circuit topology, and cross-sectional package dia-
gramare illustrated in Fig. 3. The lower arm IGBT chips, 
lower arm diode chips, upper arm IGBT chips, and 

upper arm diode chips are named as 
LBT i

, 
LBD i

, 

H BT i
, and

H BD ( 1, 2, 3)i i  , respectively. A forced 

air-cooling heatsink with TIM is installed under the 
IGBT module. 

 

Fig. 3.  Structure of the IGBT module. 

As shown in Fig. 4, Sensor1 and Sensor2 are posi-

tioned at the bottom of the case, while Sensor3 is lo-

cated on the upper surface of the ceramic, which can 

provide feedback to the temperature observer for re-

al-time correction of the thermal model. Ansys Icepak is 

used to solve the temperature and fluid fields within the 

IGBT module and heatsink. 

 

 

Fig. 4.  FEM model of the IGBT module and sensor locations. (a) 

Icepak FEM model of the IGBT module. (b) Sensor locations. 

As illustrated in Fig. 4, the dominant heat transfer 

mechanism is heat conduction from the chip to the 
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heatsink, followed by thermal convection. Thus, bond-

ing wires, internal silicone gel, and radiation are ne-

glected to simplify the FEM model. The enhanced re-

alizable two-equation turbulence model is employed for 

the fluid region. Material properties for the FEM model 

are detailed in Table II. 

TABLE II 

MATERIAL PARAMETERS OF ICEPAK FEM MODEL OF THE IGBT 

MODULE AND HEATSINK 

Material 
Height 

(mm) 

Conductivity 

(W/(m·K)) 

Density 
(kg/m3) 

Specific heat 
capacity 

(J/(kg·K)) 

Chip 0.195 130 2330 702 

Chip solder 0.100 46 9000 288 

Top copper 0.375 400 8700 385 

Ceramic 0.323 30 1700 880 

Bottom 
copper 

0.377 154 2700 896 

DBC solder 0.279 46 900 288 

Baseplate 3.000 400 8700 385 

TIM 1.000 8 3500 907 

Heatsink 

top plate 
15.000 237 2700 880 

B. 3-D Thermal Network Model of the IGBT Module 

The FEM model in Fig. 4 is computationally expen-

sive and unsuitable for real-time temperature estimation. 

To address this, a 3-D Cauer/Foster hybrid thermal 

network model, as illustrated in Fig. 5, is proposed, 

which balances model accuracy and computational 

efficiency.  

Compared to the existing thermal models [10][21], 

the proposed model shows advantages in both accuracy 

and observability, while observability is a necessary 

condition for temperature observer design. The temper-

atures of nodes 1, 2, , 162 in the IGBT module and 

heatsink can be estimated by the 3-D thermal network 

model. The lines between nodes in Fig. 5 represent 

thermal resistances. The hybrid model in Fig. 5 consists 

of 3-D Cauer and Foster networks. To ensure the ob-

servability of the model, the 3-D Cauer network is used 

to model the region above the bottom of the heatsink 

plate, enabling the estimation of temperatures within the 

IGBT module, TIM, and heatsink plate. The local details 

of the 3-D Cauer model are illustrated in the red dashed 

box in the upper left corner of Fig. 5. 
iT  and 

iC  repre-

sent the temperature and thermal capacitance of node i, 

respectively. 
_i jR  represents the thermal resistance 

between node i and node j. The losses of 
LBT i

, 
LBD i

, 

H BT i
, and H BD ( 1, 2, 3)i i   are represented as 

TLBP , 

D LBP , 
T H BP , and 

DHBP , respectively. All nodes are lo-

cated on the upper surface of the corresponding layer. 
Nodes 1, 2, , and 12 are positioned at the center of the 

chip surface. Nodes 39, 42, 45, 48, 51, and 54 are can-

didate locations for temperature sensors on the upper 

surface of the ceramic layer. Nodes 145, 146, 147, , 

162 at the bottom of the heatsink plate are the tempera-

ture reference nodes for the 3-D Cauer model. The 

temperatures of these reference nodes serve as the 

boundary conditions for the 3-D Cauer model. Taking 

node 147 as an example, its temperature can be esti-

mated using an 8th order Foster thermal network, which 

is mathematically equivalent to the convection process, 

as shown in the red dashed box in the lower left corner of 

Fig. 5. 
147 _1hT , 147 _ 2 147 _8, ,h hT T  represent the temper-

atures of the thermal capacitances in the Foster model. 

147 _h iR and 147 _ ( 1,2, ,8)h iC i   represent the thermal 

resistances and capacitances of the Foster model. 

147 _TLBthZ ,
147 _DLBthZ ,

147 _THBthZ , and 
147 _DHBthZ are the 

transient thermal impedances of the Foster model. 
ambT  

is the ambient temperature. 

The thermal resistances and capacitances in the 3-D 

Cauer model are identified based on FEM steady-state 

and transient simulations using the non-negative least 

squares method and pattern search method, respectively. 

The parameters in the Foster model are identified using 

the nonlinear least squares method by fitting the tran-

sient thermal impedance obtained from FEM transient 

simulation. Detailed parameter identification and loss 

modeling methods can be found in [10] and [30]. A 

Matlab program is developed for automatic parameter 

identification. 

The state space of the 3-D hybrid thermal network 

model in Fig. 5 can be expressed by: 

G:

h h

sensor h

out h

d

d

( )

( )

t

t

t


 


 

 

T
A T B u

T C T

T H T

                         

 (1)

 

where T is the vector of states; 
sensorT  is the vector of 

temperature measurements from Sensor1 to Sensor3 

(node 42, node 110, node 113); 
outT  can consist of any 

nodes within the thermal network based on specific 

applications, and in this paper, the temperature of the 

IGBT chip (node 2), Diode chip (node 4), and DBC 

solder (node 74 and node 77) are selected to form 
outT  

as an example; the elements in the coefficient matrices 

hA , 
hB , 

hC , and 
hH  of the state space G can be cal-

culated according to [43]; while the observability of 

system G can be determined by the rank criterion [46]; 

and there are: 
T

1 2 144 162 _ 8[ ]hT T T TT                (2) 

T

TLB LB THB DHB amb[ ]DP P P P Tu                (3) 

T

sensor 42 110 113[ ]T T T T                          (4) 

T

out 2 4 74 77[ ]T T T T T                          (5) 
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Fig. 5.  3-D Cauer/Foster hybrid thermal network model of the IGBT module and heat sink. 

Figure 6(a) compares the transient junction tem-
perature responses predicted by the thermal network 

and the FEM (when amb 10 C,T    TLB 50 W,P   

D LB 60 WP  , T H B 70 WP  , and DHB 80 WP  ), while 

Fig. 6(b) illustrates the temperature distribution within 

the IGBT module obtained from ICEPAK at 150 s under 

the same operating condition. As evidenced from Fig. 6, 

the proposed thermal network achieves excellent 

agreement with the FEM, exhibiting a maximum error 

of less than 3%. 
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Fig. 6.  Comparison between the 3-D thermal network and the 

FEM model. (a) Transient temperature comparison between the 

3-D hybrid thermal network and FEM model. (b) Temperature 

distribution of the IGBT module in ICEPAK at t 150 s.  

C. Thermal Model Reduction 

While the thermal network model in Fig. 5 offers a 

significant model reduction compared to the FEM 

model in Icepak, its state space still has a high order of 

288th. This presents challenges for real-time applica-

tions and observer gain design. Therefore, the model 

reduction technique based on the balanced truncation 

method is applied to reduce the order of the original 

high-order thermal model in (1) with a potentially small 

loss of model accuracy [44].  

Based on the transformation matrix [44], the original 

model (G) can be transformed into the system 
MG  as: 

M sensor

out

d

d

: ( )

( )

x

xt

G t

t



 





       
              

  
      

         

A A Bx x
u

Bη A A η

x
T C C

η

x
T H H

η

          (6) 

where x and η are the states to be retained and truncated, 

respectively; A, Ax , A x , A , B , B , C , and C  

are the coefficient matrices of 
MG . 

The state variables in 
MG  are arranged in descending 

order according to their contributions to the energy 

transfer from u to 
sensorT  and 

outT . By truncating states η 

that have negligible contributions to the energy transfer, 
the original model (G) is reduced to a reduced-order 

model (
BTG ), as shown in (7), while retaining the 

dominant input-output behavior of G. In (7), y and z 

represent the approximations of 
sensorT  and 

outT , re-

spectively. 

BT :G

d

d

( )

( )

t

t

t


 


 

 

A Bu

y C

xz H

x
x

x
                         (7)

 

The model reduction brings a truncation error be-

tween ROM BT( )G  and G, which is negatively corre-

lated with the order of 
BTG . The relative truncation 

error (RTE) is chosen as the metric to evaluate the ac-
curacy of the ROM [44]. The relationship between the 

order of 
BTG  and the RTE is shown in Fig. 7. As seen, 

when the order of 
BTG  is less than 17th, the RTE in-

creases sharply. Therefore, to strike a balance between 

model complexity and accuracy, the order of 
BTG  is 

determined to be 17th.  

 
Fig. 7.  Relative truncation error with different order of the ROM. 

Let 
jT  and 

j_BTT  denote the temperatures of the 

IGBT chip HB2( )T  estimated by G and 
BTG , respec-

tively. To more intuitively demonstrate the error be-

tween G and 
BTG , j_BT j| ( j )/ ( j ) |T T   in the frequency 

domain and 
j_BT ( )T t  in the time domain with different 

ROM orders are illustrated in Fig. 8 and Fig. 9, respec-

tively. For the 17th order ROM, the j_BT j| ( j )/ ( j ) |T T   

within [0, 100 Hz] is less than 0.72%, and the relative 

error between the maximum values of 
j_BT ( )T t  and 

j ( )T t  is 0.10%, which shows that the 17th order 
BTG  

achieves acceptable accuracy and can be the model 
foundation for the observer. 

 
Fig. 8.  j_BT j| ( j )/ ( j ) |T T   with different orders of the ROM. 
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Fig. 9.  
j_BT ( )T t  estimated by ROMs with different orders (half 

bridge, 50 Hz, 144 A, modulation ratio equals 0.9). 

Ⅲ.   H  ROBUST THERMAL OBSERVER 

As highlighted in Section I, uncertainties in both 

power loss and model parameters introduce significant 

errors in the temperature estimation of the open-loop 

thermal model. To address this challenge, based on the 

ROM developed in Section II, a 3-D H  temperature 

observer is proposed, which can effectively combine the 

thermal model and real-time measurements to com-

pensate for modeling errors. A vital advantage of the 

proposed observer is its robustness to system uncer-

tainties, which surpasses conventional temperature 

observers such as the Luenberger observer designed 

based on pole placement and the Kalman filter. In this 

section, the root causes of temperature estimation error 

of the proposed observer are analyzed. Subsequently, 

the optimal design methodology for the observer feed-

back gain L under uncertainties is derived. 

A. Root Cause Analysis of the Estimation Error of the 

Observer  

Based on the ROM 
BT( )G , an H∞ observer in (8) is 

proposed, as shown in Fig. 10.  

 
ˆd ( )

ˆ ˆ( ) ( ) ( ) ( )
d

ˆ ˆ( ) ( )

ˆˆ( ) ( )

t
t t t t

t

t t

t t


   


 

 

x
Ax Bu L y y

y Cx

z Hx

        (8)

 

where ˆ ( )tx ，ˆ ( )ty ，ˆ( )tz  are the observation values of x, 

sensorT and
outT , respectively; and y(t) is the vector of 

sensors measurements. As mentioned above, there are 

discrepancies (Δθ) between the parameters 0( )θ of the 

thermal model in the observer and the actual parameters 

(θ), as shown in (9)(11). 
0 T

1_13 162 _ 8 1 162 _ 8[ , ]h hR R C Cθ                 (9) 

T

1_13 162 _ 8 1 162 _ 8[ , ]h hR R C C     θ         (10) 

T 0

1 2[ , ]Np     θ θ θ                       (11) 

The actual parameter θ is uncertain but bounded, so 

i θ  can be expressed by: 

_ min _ max ,i i i i    ≤ ≤ θ                  (12) 

 
Fig. 10.  Proposed 3-D H∞ temperature observer. 

Based on the analysis from [28], [29], and [45], the 
thermal model parameter uncertainties mainly exist in 

the thermal resistances th( )R  and thermal capacitances 

th( )C  of the DBC solder, baseplate, TIM, heatsink plate 

layer and convection part. Therefore, the settings for 

_ mini  and 
_ maxi  are as follows:  

1) If 
i  is an 

thR  in the DBC solder layer, TIM layer, 

or convection part, it is set to be bounded in 
0 0[0.8 , 5 ]i i  . 

2) If 
i  is an 

thR  in other layers, it is bounded in 
0 0[0.8 , 2.5 ]i i  .  

3) If 
i  is a 

thC  in the above layers, it is bounded 

within 
0 0[0.7 ,1.3 ]i i  .  

It is worth noting that 
_ mini  and 

_ maxi  can be set 

according to specific applications and different from 
those in this paper, while the design and analysis meth-
ods are still applicable. Considering the model parameter 
variations and loss calculation errors, the actual thermal 
behavior of the IGBT module can be expressed by (13).  

d ( )
( ( )) ( ) ( ) ( )

d
( ) ( )

( ) ( )

t
t t t

t
t t

t t







    





x
A A θ x Bu Dδ

y Cx

z Hx

       (13)

 

where ( )A θ  represents the change in the system matrix A 

caused by Δθ; ( )tδ  represents the disturbances including 

loss calculation errors, deviation of B, model truncation 
error, and the influence of any other factors which were not 
considered during modeling; D is an identity matrix. 

From (8) and (13), the errors of x and 
outT  can be 

defined as ( )
x

e t  and ( )ze t , respectively, which satisfy 

the following: 

( )
( ) ( ) ( ) (

d
( ))

( ) ( )
d

t
t t t

t
t t


     

 

x

x

z x

e
A LC e A θ x

e He

δD
     (14) 

As evidenced from (14), due to the presence of 
( )A θ and ( )tδ , the energy of u(t) and ( )tδ are trans-

ferred to ( )
x

e t and ( )ze t . Thus, conventional Luen-

berger observers relying on placing the eigenvalues of 
A-LC in the left half-plane of the complex plane cannot 

theoretically guarantee ( )
x

e t  and ( )ze t  to converge to 

zero. Consequently, temperature estimation errors are 

unavoidable. By contrast, the proposed H observer has 

temperature estimation robustness to ( )A θ  and ( )tδ  

by effective combination of the thermal model and 
measurements, which is achieved by the optimal design 
of the observer feedback gain L.  
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B. Design of the Feedback Gain L  

This subsection details the methodology for the op-

timal design of the feedback gain L. The augmented 

state and input vectors are defined as: 

 
T

( ) ( ) ( )t t t
x

ξ e x                       (15) 

 
T

( ) () )(t t t δd u                        (16) 

According to (15) and (16), the state space with ξ(t) 
as the state variable can be represented as: 

p p

p

( )
( ) ( )

( ) ( )

d

d

t
t t

t
t t


 


  z

ξ
A ξ B d

e G ξ

                  (17) 

where ( )ze t is the estimation error of 
outT , its magnitude 

is determined by its signal energy; 
pA , 

pB  and 
pG  are 

defined as follows: 

p

p

p [ ]

   
    


      

 

A LC A
A

0 A A

0 D
B

B D

G H 0

               (18)

 

Therefore, reducing the energy of ( )ze t  is the key to 

improving temperature estimation accuracy. From (17), 

it is known that ( )ze t  derives its energy from d(t). Thus, 

the goal of the optimal design of L is to suppress the 

energy transfer from d(t) to ( )ze t . To quantitatively 

assess the attenuation of the energy of ( )ze t  relative to 

that of d(t), the frequency domain transfer function 

( ezd ( )jT ) from d(jω) to ( j )
z

e  is defined, shown as: 

1

ezd p p p

( )
( ) ( )

( )

j
j j

j


 



   z
e

T G I A B
d

       (19) 

Then, the H∞ norm of ezd ( )jT , denoted by 

ezd ( )j


T , which is the maximum gain of 
2

( j )
z

e  

relative to 
2

( j )d  within the frequency range of ω∈

[0, +∞), is defined as: 

2
ezd

[0, )
2

j
j

( )
( ) su

( )j
p







 


z

e
T

d
             (20) 

Based on 
ezd ( )j


T , the objective function for the 

design of L is defined in (21), whose core idea is to 
minimize the energy transferred from d(t) to the esti-

mation error ( )ze t  in the worst case by minimizing 

ezd ( )j


T under all possible cases of parameter un-

certainties.  

_ min _ maxezdarg min ( ) , s.tj ,. i i i i    


 ≤ ≤
L

T θ  

(21) 

Because ΔA is infeasible to obtain, a crucial chal-
lenge in solving the optimization problem for the L in 
(21) is its dependence on ΔA. To overcome this limita-

tion, the uncertainty matrix denoted by A
E  is defined in 

(22), while ΔA can then be expressed as a scaled version 

of A
E  as shown in (23). 

 

_ min _ max

( , ) arg max ( , ) , , 1,2 ,

s.t.  ,i i i i

i j i j i j n

   

   



 ≤ ≤

A
θ

θ

E A
   (22) 

( )t  A AA
A E F                         (23) 

where AF In ; ( )tA
is a Lebesgue measurable 

function and satisfies ( 1)t ≤
A

, and ( )tA
is cho-

sen as a real scalar in this paper. Subsequently, the op-
timal L of the proposed observer with the goal in (21) 
can be solved according to Theorem 1.  

Theorem 1: If the feedback gain L satisfies the ma-
trix inequality in (24), the system in (17) is asymptoti-

cally stable and satisfies ezd j( ) 

＜T . In (24),  , 

1 , and 2  are scalars and satisfy 0 ＞ , 1 0 ＞ , and 

2 0 ＞ ; 1P  and 2P  are symmetric positive definite 

matrices; T

1G H ; 2G 0 ; and * denotes the sym-

metric elements of the matrix. Therefore, by treating  , 

1 , 2 , 1P , 2P , and L as unknown variables and solv-

ing the matrix inequality in (24), the minimum γ and the 
corresponding optimal L can be obtained. The obtained 
L minimizes the worst-case temperature estimation 

error ( ( )ze t ). 

The matrix inequality in (24) can be solved by using 

Matlab’s linear matrix inequality (LMI) toolbox. The 

proof of Theorem 1 is given in Appendix A. 

T

1 1 1 1 1
T T

2 2 1 2 2 2 2 2

1

2

( ) ( )

* ( )

* *
0* * *

* * * *

* * * * *

* * * * * *

 








   
   
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P A LC A LC P 0 0 P D G P E 0

P A A P F F P B P D G 0 P E

I 0 0 0 0

I 0 0 0

I 0 0

I 0

I

        (24) 

Ⅳ.   EXPERIMENTS 

In the following section, the proposed thermal ob-

server is evaluated experimentally. The experimental 

setup is introduced first, and experimental results are 

then presented. 

A. Experiment Setup 

The 1700 V/450 A 2MBI450VN-170 IGBT module 

is selected as the device under test (DUT). The sche-

matic diagram of the experiment platform is shown in 

Fig. 11, where circuit topology A and B are used to 
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evaluate the observer performance under quasi-DC and 

AC active load conditions, respectively.  

The thermal model parameters 
0( ) used in the ob-

server are intentionally altered with respect to the actual 

parameters    of the DUT, leading to parameter un-

certainty while avoiding long-term aging cycles. An 

additional term ΔP added into P represents power loss 

calculation errors. The load current, control signal, and 

temperature measurements are sampled at 1 kHz and 

stored in the controller before transmitted to a PC for 

further processing. The loss calculations and tempera-

ture observer are implemented in Matlab/Simulink on 

the PC with a 1 ms step size. 

 

Fig. 11.  Schematic diagram of the experiment platform. 

Figure 12 presents a photograph of the experiment 
platform, while Fig. 13 illustrates the specific placement 
of the temperature sensors. Sensor1 to Sensor3 are all 
fiber optic temperature sensors (OTG), with a meas-
urement accuracy of 0.05 ℃. Temperature signals can 

be converted to 05 V voltage signals through the DAC 
of the Opsens fiber optic thermometer. Thermocouples 
or RTDs can replace the OTG for cost-effective alter-
natives in practice. The temperatures of the IGBT chip 

HB2(T )  and the diode chip HB1(D )  are measured using 

the same type of OTG to validate the observer. The 

performance of the proposed H  observer is compared 

with two conventional observers: the Luenberger ob-
server (L-observer) based on pole placement and the 
Kalman filter (KF). In the experiments, the observer 
gain of the L-observer is designed to ensure the eigen-
value of A-LC with the maximum real part is far away 
from the imaginary axis than the system’s eigenvalue 

with the minimum real part. The process and meas-
urement noise covariance matrix of the KF are deter-
mined by trial and error.  

 
Fig. 12.  Physical diagram of the experimental platform. 
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Fig. 13.  Sensor locations in the experiment. 

Comparative experiments are carried out under Cases 

18. In each case, the altered parameters 0
θ  and the loss 

error ΔP with respect to the actual values are set 

according to Table Ⅲ. In Table III, 
th 0R and 

th 0C  de-

note the thermal resistance and capacitance of the 

thermal model in the observer, while 
thR  and 

thC rep-

resent the actual parameters of the DUT. 
TLBP , 

D LBP , 

T H BP , and 
DHBP are the actual power losses. In Cases 

14, the thermal model parameters of DBC solder, 

baseplate, TIM, heat sink plate, and convection part 

differ from the actual values, while ΔP 0. In Cases 

58, both ΔP and the deviation of thermal model pa-

rameters are under consideration. 

TABLE Ⅲ 

ALTERED THERMAL PARAMETERS AND POWER LOSS WITH RESPECT TO ACTUAL VALUES FOR CASES 18 

Case 

DBC solder Baseplate TIM layer Plate of heatsink Convection Loss error 
P

P


 

th

th 0

R

R
 th

th 0

C

C
 th

th 0

R

R
 th

th 0

C

C
 th

th 0

R

R
 th

th 0

C

C
 th

th 0

R

R
 th

th 0

C

C
 th

th 0

R

R
 th

th 0

C

C
 PT_LB PD_LB PT_HB PD_HB 

1 0.9 1 0.95 1.05 0.93 1.08 0.88 1.14 5 1 0 0 0 0 

2 1 1 0.95 1.18 5 1.05 0.95 1.05 0.97 1 0 0 0 0 

3 4 0.77 1.5 0.8 2 0.83 1.7 0.77 1.27 0.97 0 0 0 0 

4 1.9 0.7 2.5 0.7 1.55 0.7 2.5 0.7 1.5 0.7 0 0 0 0 

5 0.9 1 0.95 1.05 0.93 1.08 0.88 1.14 5 1 -0.32 0.38 -0.32 0.38 

6 1 1 0.95 1.18 5 1.05 0.95 1.05 0.97 1 -0.3 -0.3 -0.3 -0.3 

7 4 0.77 1.5 0.8 2 0.83 1.7 0.77 1.27 0.97 0.06 0.06 0.06 0.06 

8 1.9 0.7 2.5 0.7 1.55 0.7 2.5 0.7 1.5 0.7 1 1.5 1 1.5 

B. Experiment Results 

Experiments are conducted using two topologies to 

assess the proposed observer’s performance and ro-

bustness. First, Topology A is employed under DC loss 

condition for Cases 14, as outlined in Table III, which 

decouples the impact of power loss error, allowing for 

the evaluation of the observer’s robustness to model 

parameter uncertainties. Subsequently, the observer’s 

robustness to both model parameter and power loss 

uncertainties is validated using Topology B (sin-

gle-phase H-bridge) under active load AC condition, as 

in the settings of Cases 58 in Table III. The experi-

mental results are presented and discussed in the fol-

lowing subsections. 

1) Evaluation of Observers Under DC Loss with 

0 WP   

The conduction loss can be calculated precisely using 

the conduction voltage and current. Thus, in the first set of 

experiments under DC loss condition for Cases 14, ΔP 

can be set to be 0, and only model parameter uncertainty is 

considered. To generate varying levels of conduction losses, 

a periodic current is applied to the THB chips: (0 A, 50 A, 

100 A, 0 A, 50 A, 100 A). A Fluke thermal imager (IR) 

equipment is employed to cross-verify the temperatures 

recorded by the OTG sensors, as shown in Fig. 14.  

Figures 1518 illustrate the junction temperature es-

timates of 
HB2T  and 

HB1D  by the observers and 

open-loop thermal model under Cases 14.  

At 150 st  , the temperature reaches its maximum 

value. Therefore, the absolute value of the temperature 

estimation error at this moment, denoted as 150EA , is 

used as the metric to evaluate the observers’ perfor-

mance under the DC loss condition, shown as: 

150 measurement 0 estimation 0 0| ( ) ( ) |, 150 sEA T t T t t     (25) 

The 
150AE  for 

HB2T  and 
HB1D  are presented in Fig. 19, 

Table IV, and Table V, respectively. 

 
Fig. 14.  Cross-verification of jT  with IR imager under DC loss. 

(a) 
dc 50 A.I   (b) 

dc 100 A.I   
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Fig. 15.  Temperature estimation under DC loss in Case 1. (a) 

IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

 

 

Fig. 16.  Temperature estimation under DC loss in Case 2. (a) 

IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

 

 

Fig. 17.  Temperature estimation under DC loss in Case 3. (a) 

IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

 

 

Fig. 18.  Temperature estimation under DC loss in Case 4. (a) 

IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  
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Fig. 19.  Temperature estimation errors in Cases 14 under DC 

loss. (a) 
150EA  of IGBT 

HB2(T ).  (b) 
150EA of Diode 

HB1(D ).  

As shown in Table Ⅳ, for 
HB2T , the proposed H∞ 

observer achieves the highest temperature estimation 

accuracy in all cases. The maximum 150EA  values of the 

proposed observer, KF, and L-observer are 2.01 ℃, 
4.6 ℃, and 3.41 ℃, respectively. This is because KF 
and L-observer cannot theoretically guarantee temper-
ature estimation accuracy when there are model pa-
rameter deviations with unknown statistical character-
istics. However, the proposed observer is robust to such 
parameter uncertainties by suppressing the energy 

transferred from d(t) to estimation error ( )ze t . As for 

the open-loop thermal model, its performance is sig-
nificantly worse than those of the above three observers 
due to the lack of feedback correction. Its temperature 

estimation error for 
HB2T  has a minimum of 3.18 ℃ and 

a maximum of 10.54 ℃. 

TABLE Ⅳ 

TEMPERATURE ESTIMATION ERRORS OF 
HB2T  UNDER DC LOSS  

Case 
Proposed 

observer (℃) 

Kalman 

filter (℃) 

L-observer 

(℃) 

Thermal 

model (℃) 

1 0.61  3.02  3.10  6.72  

2 0.88  1.47  1.09  3.18  

3 0.77  3.76  3.14  8.17  

4 2.01  4.6  3.41  10.54  

TABLE Ⅴ 

TEMPERATURE ESTIMATION ERRORS OF 
HB1D UNDER DC LOSS  

Case 
Proposed 

observer (℃) 

Kalman 

filter (℃) 

L-observer 

(℃) 

Thermal 

model (℃) 

1 1.37 3.17 4.98 6.66 

2 0.79 0.07 0.30 2.38 

3 0.10 1.26 1.22 4.46 

4 0.05 1.13 0.11 5.68 

Similar results are obtained for the temperature es-

timation of DHB1, as shown in Table Ⅴ. Among the four 

methods in Table Ⅴ, the proposed H
 observer 

achieves the best performance in Cases 1, 3, and 4. 

Although in Case 2, KF has the lowest 150EA  of 0.07 ℃, 

the proposed observer’s maximum 150EA  across all 

cases is only 1.37 ℃, significantly lower than the 

maximum 150EA  of KF (3.17 ℃) and L-observer 

(4.98 ℃). 

The above results demonstrate that compared to the 

L-observer and KF, the H∞ observer has stronger ro-

bustness to parameter uncertainties when the power loss 

is accurately calculated. 

2) Evaluation of Observers Under AC Active Load 

Condition with 0 WP   

The robustness of the proposed observer is further 

validated in the second set of experiments with AC 

active load (Cases 5 to 8 in Table Ⅲ), where both the 

model parameters and power losses are subjected to 

errors. Figures 2023 illustrate the estimations of the 

junction temperatures of 
HB2T and 

HB1D by the pro-

posed H∞ observer, L-observer, KF, and open-loop 

thermal model under Cases 58 when the amplitude of 

the load current is 140 A, and the switching frequency is 

2 kHz. 

 

 

Fig. 20.  Temperature estimation under AC active load in Case 5. 

(a) IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  
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Fig. 21.  Temperature estimation under AC active load in Case 6. 

(a) IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

 

 

Fig. 22.  Temperature estimation under AC active load in Case 7. 

(a) IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

 

 

Fig. 23.  Temperature estimation under AC active load in Case 8. 

(a) IGBT 
HB2(T ).  (b) Diode 

HB1(D ).  

Let 
jmaxT and 

jT represent the maximum junction 

temperature and the temperature swings, respectively. 

The errors of 
jmaxT  and 

jT  are presented in Fig. 24 and 

Table VI.  
Similar to the cases with only parameter uncertainties, 

it can be seen that the proposed observer outperforms 
the KF, L-observer, and open-loop thermal model. 

Specifically, in Cases 58, the estimation errors of 
jmaxT  

and jT  of 
HB2T under the proposed observer are the 

smallest, whereas in Cases 5, 6, and 8, the proposed 

observer has the highest estimation accuracies for 
jmaxT  

and jT  of 
HB1D . In addition to achieving the highest 

estimation accuracies in most cases, the proposed ob-
server also performs best in terms of maximum estima-
tion error. In Cases 5 to 8, for 

HB2T , the maximum es-

timation errors of 
jmaxT for the proposed observer, KF, 

L-observer, and open-loop thermal model are 0.74 ℃, 
4.39 ℃, 3.58 ℃, and 7.55 ℃, respectively, while the 

maximum estimation errors of jT  are 1.25 ℃, 3.43 ℃, 

2.61 ℃, and 3.47 ℃, respectively. For 
HB1D , the 

maximum errors of 
jmaxT  for the proposed observer, KF, 

L-observer, and open-loop thermal model are 2.08 ℃, 
3.35 ℃, 2.46 ℃, and 5.58 ℃, respectively, whereas the 

maximum estimation errors of jT are 0.76 ℃, 2.02 ℃, 

2.40 ℃, and 2.10 ℃, respectively. 
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Fig. 24.  Temperature estimation errors in Cases 58 under AC 

active load. (a) jmaxT  estimation errors of IGBT (
HB2T ). (b) jT  

estimation errors of IGBT (
HB2T ). (c) jmaxT  estimation errors of 

diode (
HB1D ). (d) jT  estimation errors of diode (

HB1D ). 

In summary, in Cases 58, the proposed method re-

duces the sum of estimation errors for the IGBT’s 
jmaxT  

by 86.18%, 85.58%, and 92.56% compared to the 

Kalman filter, L-observer, and open-loop thermal model, 

respectively. For the sum of estimation errors of the 

IGBT’s 
jT , the reductions are 64.64%, 64.48%, and 

59.38%, respectively. Regarding the sum of estimation 

errors for the diode’s 
jmaxT  in Cases 5 to 8, the proposed 

method achieves reductions of 47.98%, 29.92%, and 

71.94%, respectively. Finally, for the sum of estimation 

errors of the diode’s jT , the reductions are 61.67%, 

57.64%, and 60.75%, respectively. 

TABLE Ⅵ 

TEMPERATURE ESTIMATION ERRORS OF 
HB2T  AND 

HB1D  UNDER AC ACTIVE LOAD 

   Proposed observer (℃) Kalman filter (℃) L-observer (℃) Thermal model (℃) 

HB2T  

Case 5 
jmaxT  0.36  3.17  2.76  5.50  

jT  0.70  1.79  1.35  1.52  

Case 6 
jmaxT  0.74  2.33  2.30  4.27  

jT  0.33  2.16  2.61  1.53  

Case 7 
jmaxT  0.43  1.25  3.58  3.39  

jT  0.86  1.50  2.31  1.21  

Case 8 
jmaxT  0.01  4.39  2.04  7.55  

jT  1.25  3.43  2.57  3.47  

HB1D  

Case 5 
jmaxT  0.07  0.99  1.78  2.91  

jT  0.34  0.85  2.40  0.79  

Case 6 
jmaxT  0.84  2.90  1.16  3.94  

jT  0.69 ℃ 1.94  1.36  1.70  

Case 7 
jmaxT  1.39  1.80  0.85  3.18  

jT  0.51  1.19  0.07  1.27  

Case 8 
jmaxT  2.08  3.35  2.46  5.58  

jT  0.76  2.02  1.60  2.10  
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It is worth noting that Kalman filters and Luenberger 

observers perform even worse than the open-loop 

thermal model in some cases due to the lack of robust-

ness against system uncertainties with unknown statis-

tical characteristics. For instance, in Case 7, for 
jmaxT  

and jT  of 
HB2T , the open-loop thermal model has 

estimation errors of 3.39 ℃ and 1.21 ℃, compared to 

3.58 ℃ and 2.31 ℃ with the L-observer. Additionally, 

in Case 5, the L-observer’s 
jT  estimation error for 

HB1D  is 2.40 ℃, larger than the 0.79 ℃ from the 

open-loop thermal model. The KF’s estimation accu-

racy also exhibits similar instability. For instance, in 

Case 5, the 
jT  estimation error of KF for 

HB2T  is 

1.79 ℃, larger than the 1.52 ℃ from the open-loop 

thermal model. In contrast, the temperature estimation 

accuracy of the proposed observer is significantly 

higher than the open-loop thermal model in all Cases. 

Results further verify that, as the robustness to system 

uncertainties can be theoretically guaranteed, the pro-

posed method can achieve higher temperature estima-

tion accuracy for IGBT modules even with power loss 

and thermal model parameter errors. 

C. Time Cost of Proposed Method 

The overall time consumption of the FEM model, 

open loop thermal model, and thermal observers are 

analyzed in Table Ⅶ when using Intel i9 13900H CPU 

with 32-GB RAM running Windows 11. For a simula-

tion duration of 1 s and solving step of 1 ms, the time 

cost of the FEM model is 1.08×106 s, whereas the time 

consumption of the proposed method is only 1.21×102 s, 

due to the benefit brought by the model reduction 

technique. 

TABLE Ⅶ 

TIME COSTS WITH EACH METHODS 

Method 
Numerical integration 

method 
Time cost (s) 

FEM model  1.08×106 

Thermal model Backward Euler 1.10×102 

H
 observer Backward Euler 1.21×102 

Kalman filter Backward Euler 1.46×102 

L-observer Backward Euler 1.19×102 

Ⅴ.   CONCLUSION 

By combining the H  observer with a 3-D re-

duced-order thermal model of IGBT modules for the 

first time, a robust, real-time 3-D temperature moni-

toring method for IGBT modules is proposed in this 

paper, which can achieve satisfactory temperature es-

timation accuracy even with thermal model parameter 

and power loss calculation errors. The main work and 

key contributions are summarized as follows: 

1) A reduced-order 3-D thermal model (ROM) for 

IGBT modules derived from FEM simulation and 

model reduction technology is provided. The ROM can 

estimate IGBT temperatures with errors less than 3% 

compared to FEM simulation and can be used for re-

al-time thermal monitoring with high computational 

efficiency. 

2) Based on the ROM, by modeling the thermal 

model parameter variations and power loss calculation 

errors as the respective uncertain coefficient matrices in 

the state-space and disturbance, and by minimizing the 

H  norm of the transfer function from disturbances to 

temperature estimation errors, the observer’s feedback 

gain is optimally designed. The thermal model is effec-

tively fused with temperature measurements and esti-

mation errors in the worst case are minimized. As a 

result, the robustness of the temperature estimation to 

system uncertainties is theoretically guaranteed. 

3) Comparative experimental results in multiple 

cases show that, with thermal parameter and power loss 

errors, the proposed method can reduce the maximum 

junction temperature estimation error of IGBT by 

85.58% and achieves the highest estimation accuracy in 

87.50% of the cases, compared to existing temperature 

observers for IGBT modules. 

Therefore, the proposed method can effectively en-

hance the reliability of condition monitoring for 

high-power IGBT modules throughout their whole 

lifecycle. 

APPENDIX A 

In the proof of Theorem1, the following Lemma1 is 

used. 

Lemma1: Let E and F be the constant matrices and ε be 

an arbitrary positive scalar. For any matrix ( )t  satis-

fying 
T
( ) ( )t t  ≤ I , there is: 

T 1 T T( ) ( ( ) )t t     ≤E F E F EE F F     (A1) 

Proof of Theorem1: By the bounded real lemma 

[46], when inequality (A2) holds, the system in (17) is 

asymptotically stable and satisfies ezd j( ) 

＜T . 

T T

p p p p

LMI1

1

2

* 0

* *





  
  

   
    


 
  
 

＜

PA A P PB G

I I 0

I

P 0
P

0 P

    (A2) 
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                 (A5)

Substituting pA  and pB  from (18) into (A2), LMI1I  

can be expressed as (A3). By Lemma 1, there exist 

scalars 
1  and 

2  such that (A4) holds. 

Defining 
11S , 

12S , 
21S , and 

22S  as shown in (A5), 

LMI2I  can be expressed as 1 T

LMI2 11 12 22 12

 I S S S S . 

By the Schur complement lemma [46], since 
22 0＜S , 

1 T

LMI2 11 12 22 12 0  ＜I S S S S  is equivalent to (A6). 

11 12

21 22

0
 

  
 

＜
S S

S
S S

                      (A6) 

Substituting 
11S , 

12S , 
21S , and 

22S  from (A5) into 

(A6), it can be found that (A6) is equivalent to (24). 

Therefore, equation (24) is a necessary and sufficient 

condition for 
LMI2 0＜I . According to (A4), 

LMI1 LMI2≤I I , so (24) is the sufficient condition for 

LMI1 0＜I . Thus, a set of  , 1 , 2 , 1P , 2P , and L 

satisfying (24) can guarantee that the system in (17) is 

asymptotically stable and ezd j( ) 

＜T .  
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